In the first part of this paper, we calculate the disk-level S-matrix elements of one RR, one NSNS and one NS vertex operators, and show that they are consistent with the amplitudes that have been recently found by applying various Ward identities. We show that the massless poles of the amplitude at low energy are fully consistent with the known D-brane couplings at order α ′2 which involve one RR or NSNS and two NS fields.
Introduction and Results
Higher-derivative couplings in superstring theory may be captured from α ′ -expansion of the corresponding S-matrix elements [1, 2] and from exploring the dualities of the superstring theory [3] - [16] . The dualities can be implemented either on-shell or off-shell. At the on-shell level, they appear in the S-matrix elements as S-dual and T-dual Ward identities [17] . These identities establish connections between different elements of the scattering amplitude of n supergravitons. Calculating one element explicitly in the world sheet conformal field theory, then all other elements may be generated by the Ward identities [18, 19] . At the off-shell level, on the other hand, the dualities may appear as symmetries of the effective actions which constrain the couplings [20, 21] .
The effective actions of a single D p -brane in superstring theory at long wavelength limit are given by the Dirac-Born-Infeld (DBI) and the Wess-Zumino (WZ) actions. In the string frame they are
where P [· · ·] is the pull-back operator which projects the spacetime tensors to the world volume, e.g., P [g] ab =
∂X µ ∂σ a ∂X ν ∂σ b g µν = G ab . The dependence of the closed string fields on the transverse coordinates appears in the action via the Taylor expansion [22] . In the literature, there is a factor of 2πα ′ in front of gauge field strength F ab . We normalize the gauge field to absorb this factor. With this normalization, the effective action (1) is at the leading order of α ′ . The above actions are invariant under T-duality transformations [21] and are reproduced by the leading order terms of disk-level S-matrix elements.
The α ′2 corrections to the DBI action should include NSNS and NS fields. The curvature, the second fundamental form and the dilaton corrections to the DBI action at order α ′2 in the string frame have been found in [23, 24, 25] to be
where the curvatures (R T ) abcd and (R N ) abij are related to the projections of the bulk Riemann curvatures into world volume and transverse spaces, and to the second fundamental form via the Gauss-Codazzi equations, i.e.,
The curvatures (R T ) ab andR ij are related to the Riemann curvatures, the second fundamental form and to the dilaton via the following relations:
where the world volume indices are raised by the inverse of the pull-back metric 2 . In static gauge, the second fundamental form includes the second derivative of the transverse scalar fields, i.e., Ω ab i = ∂ a ∂ b φ i −Γ ab c ∂ c φ i + Γ ab i . So action (2) includes the couplings of one graviton or dilaton and two scalar fields. All other couplings between one NSNS and two NS fields at order α ′2 have been found in [26] by requiring (2) to be invariant under linear T-duality and by requiring the couplings to be consistent with the corresponding S-matrix element. The couplings in the string frame are [26] 
where R ab and R a a are given by
which are invariant under linear T-duality. Consistency of the couplings (2) with the linear Tduality can also fix (∂H) 2 couplings [24] , however, higher order couplings at order α ′2 , i.e., RH 2 and H 4 , are required for the consistency of the couplings (2) with nonlinear T-duality in which we are not interested in this paper. Such T-dual couplings have been found in [28, 29] for Oplane. The gauge invariance of the couplings (5) requires F ab to be replaced by B ab = F ab + B ab .
The curvature corrections to the WS action have been found in [31, 32, 33] by requiring that the chiral anomaly on the world volume of intersecting D-branes (I-brane) cancels with the anomalous variation of the WS action. At order α ′2 , this correction involves curvature squared, i.e., C p−3 (R T ∧ R T − R N ∧ R N ). Consistency of such couplings with linear T-duality, however, requires many new couplings involving dilaton, B-field and other RR fields [34, 35] , as well as open string fields. On the other hand, consistency of the effective action with the S-matrix element of one RR and one NSNS vertex operators, indicates that there is linear curvature 2 If one includes the trace of the second fundamental form −Ω a ai Ω b bj into the definition ofR ij , then the couplings of one closed string and two open strings can be symmetric under both linear T-duality and S-duality [26] . However, there are arguments that the D-brane effective action involving gauge field can not be invariant under S-duality for higher gauge fields [27] . Requiring the effective action to be only invariant under the linear T-duality, as we are going to use in this paper, then such extension forR ij is not required.
correction to the WS action as well [36] . The curvature transforms to dialton and B-field under linear T-duality, hence, there should be couplings between one RR and one NSNS field. Such couplings in the string frame have been found to be [36] 
where
The two closed string couplings are invariant under linear T-duality and are consistent with the S-matrix element of one RR and one NSNS vertex operators at order α ′2 [36] . This action includes the couplings of one RR and two transverse scalar fields via the definitions of the curvatures R N andR. It has been shown in [26] that the couplings of one RR and two NS fields in above action 3 and in the following action 4 :
are consistent with the linear T-duality of one closed and two open strings and with the corresponding S-matrix elements.
In this paper, we calculate the disk-level S-matrix element of one RR, one NSNS and one NS vertex operators and expand it at low energy. At order α ′2 , the amplitude has massless poles and contact terms. We will show that the massless poles are reproduced by the corresponding Feynman amplitudes resulting from the couplings in (1), (2), (5), (7) and (8) . Some of the contact terms are reproduced by the corresponding couplings in the actions (7) and (8) . The remaining contact terms should be reproduced by new couplings. We then write all contractions of one RR, one NSNS and one NS fields at order α ′2 with unknown coefficients. Imposing consistency of the couplings with the above contact terms, one can not uniquely fix 3 The coupling of one RR and two scalars (γ − 1)∂ j F (p+2)
ia0···ap Ω a ai Ω b bj has zero S-matrix and is invariant under linear T-duality and linear S-duality. Hence, such term could not be fixed in [26] . Since the definition of the curvatureR ij in [26] includes the trace of the second fundamental form −Ω a ai Ω b bj , then we have set γ = 0 in [26] to have the standard couplings in (7) . Since in the present paper, we are going to impose consistency of the couplings with S-matrix and linear T-duality, the trace term is not required to be included in the definition ofR ij . So consistency of the couplings (7) with the definition ofR ij in (4) requires γ = 1. 4 To simplify the couplings in [26] , we have used the identity p Ω a0 ai
the coefficients. However, we impose the constraints that the couplings are consistent with the above contact terms and are invariant under the linear T-duality. These fix the coefficients uniquely with the following couplings for
The following couplings for F (p) :
The following couplings for F (p+2) :
And the following couplings for F (p+4) :
All above couplings are in the string frame. The couplings of one RR (p + 1)-form, one H-field and one gauge field in which the RR field strength has two or three transverse indices have been already found in [37] . Using integration by part, we have checked that the corresponding couplings in (11) are converted to the couplings found in [37] after using on-shell relations on the gauge field. The on-shell couplings found in [37] are consistent with the contact terms of the corresponding S-matrix elements, whereas the off-shell couplings that we have found are consistent with the S-matrix elements and are also invariant under linear T-duality.
The reason for using the invariance under linear T-duality is that two closed and one open string couplings at order α ′2 can not be related to one closed and one open string couplings by nonlinear T-duality as there is no such couplings at order α ′2 . The above couplings, however, may be related to the standard WS couplings C p−3 (R T ∧ R T − R N ∧ R N ) under nonlinear T-duality in which we are not interested in this paper.
An outline of this paper is as follow: In section 2, we explicitly calculate the S-matrix element of one RR, one NSNS and one NS vertex operators. Up to two unknown integrals, this amplitude has been calculated in [37] by using the consistency of the couplings with Ward identities. Our calculation confirms the result in [37] and produces the two unknown integrals. In section 3, we expand the amplitude at low energy and focus on the terms at order α ′2 . In this section, we show that the massless poles are reproduced by the corresponding Feynman amplitudes resulting from the couplings in (1), (2), (5), (7) and (8) . After subtracting the massless poles, we obtain the contact terms at order α ′2 . In this section, we show that some of the contact terms are reproduced by the pull-back operator and the Taylor expansion of the couplings in (7) and by two closed and one open string couplings in (8) . After subtracting the above contact terms, we find the contact terms that should be reproduced by new couplings. In section 4, up to total derivative terms, we write all covariant contractions with unknown coefficients. We then constrain the couplings to be consistent with the contact terms found in section 3 and to be invariant under the linear T-duality. We find that up to total derivative terms and Bianch identites, these two constraints fix the couplings uniquely to be those in (9), (10), (11) and (12) .
The S-matrix element in string theory
The scattering amplitude of one RR n-form, one NS-NS and one NS may be given by the following correlation function:
where the vertex operators are [38] 
where the matrix D (1 − γ 11 ) is the chiral projection operator. If 1 in the chiral projection P − produces couplings for C (n) , then the γ 11 produces the couplings for C (10−n) . Hence, we consider 1 in the chiral projection and extend the result to all RR potentials. The polarization ε 3 is symmetric for graviton/dilaton and is antisymmetric for B-field, and ε 2 is polarization of gauge field or transvers scalars. In the RR vertex operator, H 1(n) and M p are
where ǫ is the volume (p + 1)-form of the D p -brane and ε 1 is the polarization of the RR form. On-shell conditions are
Using the standard world-sheet propagators, one can calculate the X and φ correlators in (13) . To find the correlator of ψ, one should use the Wick-like rule for the correlation function involving an arbitrary number of ψ's and two S's [39, 40] . Combining the gamma matrices coming from the ψ correlation in Wick-like rule with the gamma matrices in the RR vertex operator, one finds the amplitude (13) has the following trace:
is an antisymmetric combination of the momenta and the polarizations of the NS-NS field and the NS field. The trace (16) can be evaluated for specific values of n and p. One can verify that the amplitude is non-zero only for n = p −3, n = p −1, n = p + 1, n = p + 3.
The explicit calculation of the S-matrix element of the RR (p − 3)-form gives the result in terms of RR potential [18] . Combining the result for RR potential with one transverse index and the result for RR potential with no transverse index, one finds the following amplitude for D 4 -brane:
whereF is the linearized RR field strength in momentum space and V (N) is the flat worldvolume (transverse space) metric. For simplicity, the amplitude is calculated for p = 4. It can be extended to arbitrary p by contracting the extra word volume indices with the RR field strength.
The closed and open string channels appear in the integrals Q, Q 1 and Q 2 integral. The explicit form of these integrals have been found in [18, 37] , i.e.,
where z ij = z i − z j and z 3 = x 3 . There is a measure d 2 z 1 d 2 z 2 dx 3 for all the integrals which we have omitted. The function K is
The integrals in (18) , satisfy the following relation:
The amplitude (17) satisfies the Ward identity associated with B-field after using the above relation [18] .
The amplitude (17) , however, does not satisfy the Ward identity corresponding to the Tduality. It has been shown in [37] that the consistency of the amplitude (17) with T-dual and gauge symmetry Ward identities requires the following amplitude for the RR (p − 1)-form potential:
The amplitude is for p = 3. The consistency with the Ward identities, however, could not fix the form of the integrals Q 3 and Q 4 . It has been pointed out in [37] that the explicit form of these integrals should be calculated from S-matrix calculations.
We have explicitly calculated the amplitude (13) for RR (p − 1)-form and found exactly the result in (21) with the following expressions for the two integrals:
The following relation between the integrals Q 2 , Q 3 , Q 4 has been found in [37] :
By using α ′ expansions for the integrals (22) we have checked it to the first order of α ′ .
Using the relations (20) and (23), it has been shown in [37] that the amplitude (21) satisfies the Ward identities corresponding to the gauge symmetries. However, it does not satisfy the Ward identity corresponding to the T-duality. It has been shown in [37] that the consistency of the amplitude (21) with T-dual and gauge symmetry Ward identities requires the following amplitude for the RR (p + 1)-form potential:
The amplitude is for p = 2. The T-duality could not fix the integrals Q 3 , Q 4 .
We have explicitly calculated the amplitude (13) for RR (p + 1)-form and found exactly the result (24) with the explicit form (22) for the integrals Q 3 , Q 4 that we have found in this paper.
Finally, the consistency of the amplitude (24) with T-dual and gauge symmetry Ward identities requires the following amplitude for the RR (p + 3)-form potential [37] :
The amplitude is for p = 1. We have explicitly calculated the amplitude (13) for RR (p+3)-form and found exactly the above result. This amplitude is fully consistent with all Ward identities. As a result there is no amplitude for RR (p + 5)-form which is also consistent with the S-matrix calculation.
The amplitudes (21) and (24) contains the graviton and dilaton. For graviton, the symmetric polarization tensor (ε S 3 ) µν should be traceless, whereas, for dilaton it is given by (ε
where the auxiliary field ℓ satisfies ℓ.p 1 = 1 and should be canceled in the final amplitude. By replacing the above polarization tensor in the amplitude, one finds the dilaton amplitude in the Einstein frame. We are interested, however, in the dilaton amplitude in the string frame. To this end, we replace the graviton polarization in the amplitudes (21) and (24) by (ε
η µν Φ where Φ is the dilaton polarization which is one. The dilaton amplitudes resulting from this replacement should be added to the dilaton amplitude in the Einstein frame to produce the string frame amplitude for the dilaton.
Contact terms at low energy
The S-matrix elements that we have found in the previous section, can be analyzed at low energy to extract the appropriate couplings in field theory at order α ′2 . To this ends, one has to expand the integrals at low energy. The integrand of the integrals are invariant under SL(2, R) transformations. Fixing this symmetry, the explicit form of integrals Q, Q 1 and Q 2 have been found in [18] in terms of hypergeometric functions. Then the α ′ expansion produce the following expansions [18, 41] :
where dots refer to the terms with more than two momenta. They are related to the couplings at order O(α ′3 ) in which we are not interested. Similar calculations, produce the following expansion for the integrals (22) :
The leading massless poles in the open and closed string channels should be reproduced by the supergravity couplings in the bulk and by the D-brane action (1) in which we are not interested in this paper.
The next to the leading order terms have contact terms at order α ′2 , and massless poles in the open string channel. It is consistent with the fact that the corrections to the type II supergravities at order α ′2 are zero. As a result, there is no massless closed string pole at order α ′2 . The massless open string poles should be reproduced by the D-brane action (1) at order α ′0 , and by the couplings (5) and (8) at order α ′2 , i.e., the Feynman amplitude is (1) and the other one should be calculated from (5) and (8) . The Feynman diagram corresponding to the above amplitude is given figure (1). The standard forms of the gauge field and the transverse scalar propagators are
where p is the open string momentum.
RR (p − 3)-form, B-filed and gauge field
Using the above Feynman prescription, we have found the following amplitude between one RR (p − 3)-form, one B-field and one open string gauge field:
is the gauge field strength. The first term in the above Feynman amplitude is the open string massless pole which appears in the low energy limit of the string theory S-matrix element (17) . The normalization of the above massless pole fixes the normalization of string amplitude (17) to be
Note that we have chosen p = 4 in above calculations.
The second term in (31) is a contact term which we call it C (p−3)
BA . It should be subtracted from the contact terms of string theory amplitude at order α ′2 . There is another set of contact terms with structure of one RR (p − 3)-form, one B-field and one gauge field in (8) that should be subtracted from the string theory contact terms. Subtracting these two sets of contact terms from the string theory contact terms, we have found the following couplings for p = 4:
The above contact terms are new on-shell couplings in the momentum space at order α ′2 .
RR (p − 1)-form, graviton/dilaton and gauge field
The Feynman amplitude of one RR (p − 1)-form, one graviton and one gauge field produces exactly the massless poles of string theory amplitude (21) at order α ′2 . It also produces some contact terms. There are also contact terms of one RR (p − 1)-form, one graviton and one gauge field in (8) . Subtracting these contact terms from the string theory contact terms, we have found the following new contact terms at order α ′2 in the string frame for p = 3:
whereR abcd is the linearized Riemann curvature in the momentum space, i.e.,
We have written the contact terms in terms of the linearized Riemann curvature to compact the form of contact terms.
Similar calculation for the dilaton, produces the following new contact terms in the string frame:
Note that the above dilaton contact terms are exactly reproduced by the graviton contact terms (33) by replacingR
, as expected from (6).
RR (p − 1)-form, B-field and scalar field
The Feynman amplitude of one RR (p − 1)-form, one B-field and one transverse scalar field produces exactly the corresponding massless poles of string theory amplitude (21) at order α ′2 . It also produces the following contact terms for p = 3:
where φ i is polarization of the transverse scalar fields. There are, however, two other sets of couplings of one RR (p − 1)-form, one B-field and one scalar field in the last line of action (7). They are resulted from the projection operators and the Taylor expansion operator implicit in (7).
For the projection operators consider, for instance, the coupling
This coupling in terms of the projections of bulk tensors to the world volume and transverse spaces is
where ∂ a X µ is the projection operator into the world-volume space and ⊥ µν is the projection operator into the transverse space, i.e.,
where G µν is the first fundamental form and G ab is inverse of the pull back metric. In the static gauge, i.e., X a = σ a and X i = φ i , components of the projection operator ⊥ µν become ⊥ ab = 0, ⊥ ai = −∂ a φ i and ⊥ ij = η ij to the linear order of transverse scalar field in which we are interested.
The closed string fields are function of spacetime coordinate X µ . In the static gauge, they split into world-volume coordinates, X a = σ a , and transverse scalar fields X i = φ i . Then the φ i dependence of closed string fields appear in the world volume action via Taylor expansion [22] , i.e.,
where C µν··· stands for any world volume or transverse derivative of a massless closed string field.
Using the projection operators, the couplings in the last line of (7) produce the following couplings of one RR (p − 1)-form, one B-field and one scalar field:
On the other hand, the Taylor expansion produces the following couplings at the linear order of φ i :
All these couplings should be produced by the corresponding contact terms of the amplitude (21) at order α ′2 .
If the contact terms of string amplitude (21) produce only the contact terms in (36) and the above couplings, then there would be no new couplings. However, we have subtracted the contact terms in (36), (37) and (38) from the corresponding contact terms of string amplitude (21) at order α ′2 and found the following extra contact terms for p = 3:
They indicates that there must be new couplings at order α ′2 . We will find them in section 4.
RR (p + 1)-form, B-field and gauge field
The Feynman amplitude of one RR (p + 1)-form, one B-field and one gauge field produces exactly the corresponding massless poles of string theory amplitude (24) at order α ′2 . It also produces the following contact terms for p = 2:
There is no contact term of one RR (p + 1)-form, one B-field and one gauge field in (8).
Subtracting the above contact terms from the corresponding contact terms of (24) at order α ′2 , one finds the following on-shell couplings in the momentum space for p = 2:
−6p 3a p 1bFa 0 bH aijF (4)
is the field strength of B-field in the momentum space. Note that H in the above contact terms carries at least one transverse index. This is consistent with the observation that there is no couplings between one RR (p + 1) form and two gauge fields at order α ′2 (see eq. (8)).
RR (p + 1)-form, graviton/dilaton and scalar field
The Feynman amplitude of one RR (p + 1)-form, one graviton/dilaton and one scalar field produces exactly the corresponding massless poles of string theory amplitude (24) at order α ′2 . It also produces the following contact terms for graviton and dilaton, respectively:
The projection operator and the Taylor expansion produce two other sets of couplings of one RR (p + 1)-form, one graviton/dilaton and one scalar field from the couplings in the second line of action (7). The projection operator produce the following couplings:
The Taylor expansion produces the following couplings:
There is still another set of couplings in the second line of (7) which are resulted from the ΩΩ terms in R N andR. If one considers the linear graviton in one of Ω and the transverse scalar field in the another Ω, then one finds couplings of one RR (p + 1)-form, one graviton and one transverse scalar field. All these couplings should be produced by the corresponding contact terms of the amplitude (24) at order α ′2 .
We have subtracted all above field theory contact terms from the corresponding string theory contact terms in (24) . We have found that the field theory contact terms for dilaton are exactly the same as the string theory contact terms. However, for graviton we have found the following extra contact terms in the string frame for p = 2:
Our result that there is no extra couplings for dilaton is consistent with the above couplings for graviton because the dilaton contact terms should be produced by the graviton contact terms in which one replaces the Ricci curvature with the second derivative of dilaton. There is no Ricci curvature in the above contact term. As a result there should be no contact term for dilaton.
RR (p + 3)-form, B-field and scalar field
The sting theory amplitude (25) has no massless pole at order α ′2 . This can be seen from the α ′ -expansion of Q's in (27) . The integrals Q and Q 2 have no massless pole and the massless pole in Q 1 produces contact term after multiplying it with p 3 ·V ·p 3 which appear in the string amplitude (25) . Therefore, the amplitude (25) produces only contact terms at order α ′2 . This is consistent with the fact that the Feynman amplitude (29) is zero in this case. There is no coupling in (1) or (8) which contains the RR (p + 3)-form.
However, the projection operator and the Taylor expansion produce the following couplings of one RR (p + 3)-form, one B-field and one scalar field from the coupling in the first line of action (7):
Subtracting the above couplings from the contact terms of (25), we have found the following new on-shell couplings in the momentum space for p = 1:
The string amplitude (25) has no gravity or dilaton couplings, so there is no contact terms for gravity or dilaton.
New couplings
In this section we are interested in the effective action S p which are linearly covariant under general coordinate transformations, invariant under linear T-duality and are consistent with the contact terms of the S-matrix elements that we have found in the previous section. It has been argued in [28] that to construct the effective action for probe D p -branes, one has to impose the bulk equations of motion at order α ′0 . Since we are interested in the world volume couplings which have linear closed string fields, we have to impose the supergravity equations of motion at the linear order. In the string frame they are
where µ, ν, ρ are the bulk indices. Using these equations, one may rewrite the couplings in which two normal indices are contracted within a single field (including the derivatives acting on that field) in terms of couplings in which two world volume indices contracted, i.e.,
This indicates that the terms on the left-hand side are not independent. In other words, the coefficients of the couplings in S p which involve the terms on the left-hand side are not independent. It turns out that if one considers the terms on the left-hand side as independent, then the effective action would not be invariant under linear T-duality.
We are interested in the new couplings of two closed strings and one open string at order α ′2 . So each term must have five derivatives. Using the fact that each field must have at least one derivative, one concludes that the maximum number of derivatives on a field must be three. On the other hand, no contact terms in the previous section has three momentum in the transverse space. So at least one of the three derivatives must be a world volume derivative. Using integration by part one may rewrite it in terms of two derivatives. So up to total derivative terms, we have to consider all contractions of two closed and one open strings in which each field has at most two derivatives.
All contractions of one RR, one NSNS and one NS fields
In this subsection, using the Mathematica package "xAct" [42] , we write all contractions of one massless RR, one NSNS and one NS fields in which each field has at most two derivatives. We consider the structures that are produced by the S-matrix elements at order α ′2 in the previous section.
The couplings of one RR (p − 3)-form, one B-field and one gauge field have three structures, i.e., F (p−2) ∂H∂F , ∂F (p−2) ∂HF and ∂F (p−2) H∂F . Each structure has the following contractions:
where δ i , ν i and µ i are 168 arbitrary coefficients that should be determined by imposing appropriate constraints. Imposing the Bianchi identities and ignoring total derivative terms, one finds that all these coefficients are not independent. One may first find independent coefficients and then impose the constraints. Or one may first impose the constraints and then ignore the terms that are related by the Bianchi identities and total derivative terms. We use the latter approach which is easier to work with computer. Note that we have used the B-field only in the form of field strength H. The B-field also appears in the form of B ab or ∂ a B bc . However, the coefficients of such couplings have been already found to be (8) by studying the S-matrix element of one closed and two open strings [26] .
The couplings of one RR (p − 1)-form, one graviton and one gauge field which have at most two derivatives on each field, have two structures ∂F (p) RF and F (p) R∂F . All contractions of these structures are the following:
where ρ i and ζ i are 256 unknown coefficients which should be fixed by appropriate constraints. Note that we have used the graviton only in the form of curvature R. The graviton also appears in the form of second fundamental form. However, the coefficients of such couplings have been already found to be (8) by studying the S-matrix element of one closed and two open strings [26] .
The couplings of one RR (p − 1)-form, one H-field and one scalar field have two structures F (p) ∂HΩ and ∂F (p) ∂HΩ. All contractions of these structures are the following:
where τ i and λ i are the unknown coefficients and Ω is the second fundamental form in the static gauge, i.e.,
, and we have considered only the linear scalar part of it. Note that we have used the scalar fields only in the form of the second fundamental form. The scalar fields also appear in the form of Taylor expansion and pull-back operator of two closed strings. However, the coefficients of such couplings have been already found to be (7) by studying the S-matrix element of two closed strings [36] .
All contractions of one RR(p − 1)-form, one dilaton and one gauge field are the following:
where π i , ϑ i and ς i are the coefficients and we have used the observation that each field should appear with one or two derivatives.
All contractions of one RR (p + 1)-form, one B-field and one gauge field are the following:
In this case we have 799 coefficients. Note that all indices of the RR field strength can not be world volume indices because two indices become identical which make the antisymmetric field strength to be zero. As a result at least one of the indices of this tensor must be transverse index. This index must be contracted with B-field or its derivative. Therefore, the B-field can not be in the form of B ab , and its world volume derivatives. This is consistent with the fact that there is no such couplings in (8) .
All contractions of one RR (p + 1)-form, one graviton and one scalar field are the following:
where ψ i are the unknown coefficients. Note that the graviton can also appear in the second fundamental form which produces couplings with structure ∂F ΩΩ. Such couplings, however, are appeared in (7) which have been found in [26] by studying the S-matrix element of one closed and two open strings. Similarly, the scalar fields can appear as pull-back and Taylor expansion of two closed string couplings which have been already considered in (7).
All contractions of one RR (p + 1)-form, one dilaton and one scalar field are the following:
where Π i and Λ i are the unknown coefficients. Here again the scalar fields appear in the second fundamental form. The presence of these fields in the Taylor expansion and pull-back of (7) have been already considered.
Finally, all contractions of one RR (p + 3)-from, one B-field and one scalar field are the following:
where θ i and ω i are the unknown coefficients and the scalar fields appear in the second fundamental form. Since the scalar fields appear in the above couplings through the second fundamental form, the derivative of the second fundamental form has three world volume derivatives which can be converted to two derivatives by using integration by part. As a result, up to total derivative terms, the couplings with structure F HDΩ are not independent of the above couplings.
S-matrix constraint
We have found all contractions of one RR, one NSNS and one NS fields in the previous section. Their coefficients should be found by imposing appropriate constraints. One constraint is the fact that when imposing the on-shell relations on the couplings, they must be identical to the contact terms that we have found in section 3.
The couplings in (49) must be identical to the contact terms in (32) after using the on-shell relations. This produces the following relations between the coefficients: .
The couplings in (50) must be identical to the contact terms in (33) after using the on-shell relations. This produces the following relations between the coefficients: 
where · · · refer to some constraints that do not contain α.
Comparing the couplings (51) with the contact terms in (39) , one finds the following constraints: 
where · · · refer to the constraints that have no α.
Comparing the couplings (52) with the contact terms in (40) , one finds the following constraints:
Comparing the couplings (53) with the contact terms in (34) , one finds the following constraints: Comparing the couplings (54) with the contact terms in (44), one finds the following constraints:
Using the fact that there is no contact terms for the couplings of one RR (p + 1)-form, one dilaton and one scalar field in section 3, one finds the following constraints on the Π i and Λ i coefficients in (55):
Comparing the couplings (56) with the contact terms in (46), one finds the following constraints:
Imposing the Bianchi identities and ignoring total derivative terms, one finds that the above constraints can not fix all independent coefficients. So one should use another constraint to fix the remaining coefficients. In the next subsection we will use the T-duality constraint to fix the remaining coefficients.
T-duality constraint
The T-duality transformations on massless field at the leading order of α ′ are given by the Buscher rules [4, 5, 6, 7, 8] . The α ′ -correction to these rules have been found in [9, 10, 11] for the Bosonic, Type I and the Heterotic string theories. The Buscher rules in the type II super string theories receive higher derivative correction (if any) at order α ′3 because the first higher derivative correction to the type II supergravities is at eight-derivative level. In this paper, we are interested in four-derivative couplings on the world-volume of D-branes in type II theories 5 . As a result, the α ′3 -corrections of the Bucher rules (if any) do no play any role in our calculations.
The Bucher rules are in general nonlinear. Constraining the world-volume effective actions to be invariant under these nonlinear transformations which may fix all couplings of bosonic fields, would be a difficult task. In this paper, however, we are interested in constraining the world volume couplings of one RR, one NSNS and one NS strings at order α ′2 to be invariant 5 One may ask if the T-duality transformations of massless closed string fields depend on the presence of D-branes/O-planes. It seems the answer is no. To see this, we note that, in the type II super string theories, the consistency of NS-NS couplings at order α ′2 on the world volume of O-plane with the standard Buscher rules, produces unique couplings which are consistent with S-matrix elements [28, 29] . Similarly, in the bosonic string theory, the consistency of D-brane couplings at order α ′ with the Buscher rules and their α ′ -corrections which have been found in the absence of D-brane [10] , produce correct couplings which are consistent with the S-matrix elements [30] .
under T-duality. Using the fact that the world volume couplings of one closed and one open strings have no higher derivative corrections in the superstring theory, one realizes that the higher derivative couplings of one RR, one NSNS and one NS strings must be invariant under linear T-duality transformations.
A systematic approach for constructing T-duality invariant actions is the Double Field Theory [12, 13] in which the actions are required to be explicitly invariant under O(D, D) transformations. The modification of this theory to Double α ′ -geometry in which the generalized Lie derivative receives α ′ -corrections, requires and determines the higher derivative couplings [14, 15] . Our approach, however, is that the actions are required to be invariant under the Buscher rules and their α ′ -corrections. Since in type II superstring there is no α ′2 -corrections to the Buscher rules, we require the D-brane effective action at order α ′2 to be invariant under the standard Buscher rules. In the particular case of two closed and one open strings in which we are interested, the couplings must be invariant under the linearized Buscher rules as well. We refer the interested reader to, for example, [26] for the list of liner T-duality transformations 6 and for the method to constrain the couplings to be invariant under the linear T-duality.
To impose the T-duality constraint on the world volume action S p , we have to consider all couplings in section 4.1 and the couplings of two closed and one open strings that are resulted from the Taylor expansion and pull-back operator in (7) as well as the couplings of two closed and one open strings in (8) . Including all these couplings in S p and imposing the S-matrix constraints found in the previous section on S p , then the action must be invariant under linear T-duality 7 . This produces some new constraints.
We begin by imposing the T-duality constraint on the couplings (49). Concerning the indices of the RR field strength, there are two cases to consider. The Killing index is carried either by the RR field strength or by the NSNS and NS fields. We have found that the couplings (49) are invariant under T-duality when the Killing index is carried by the RR field. However, when the Killing index is carried by the NSNS and NS fields, the T-duality transforms the RR (p − 3)-form to the RR (p − 1)-form.
The couplings involving the RR (p − 1)-form, must be invariant under T-duality when the 6 Massless world-volume fields may receive α ′ -correction. Since D p -brane along the Killing direction transforms under T-duality to D p−1 -brane, the general form of the T-duality transformation of the world volume gauge field along the Killing direction y is A y → f (φ y , ∂φ y , ∂∂φ y , · · ·) where f at α ′0 is φ y . At order α ′ , it may be aα ′ φ y ∂φ y ∂φ y + bα ′ ∂∂φ y where a, b are constants. Consistency of S-matrix elements of open strings with T-duality Ward identity dictates that the linear term is zero, i.e., b = 0. The coefficient of the nonlinear term may be non-zero, however, this term play no role for the couplings of two closed and one open string in which we are interested in this paper. Similarly for the possible corrections at higher order of α ′ . 7 In fact we have checked that the Feynman amplitudes in sections 3.1-3.5 satisfy the T-dual Ward identity. As a result, the couplings in S p must also satisfy the T-dual Ward identity because the S-matrix element of one RR, one NSNS and one NS states at order α ′2 which includes the couplings in S p and the Feynman amplitudes must satisfy the Ward identity. 
where · · · refer to the constraints that have no α. Imposing the above constraint in S p , one finds that when the Killing index is carries by the NSNS and NS fields in (49), they are transform to the couplings involving the RR (p − 1)-form after imposing the following constraints: After imposing all constraints on the couplings in section 4.1, we have found two sets of couplings. One set is the couplings which have coefficient α. 
where p = 3, the following couplings for F (p+2) :
which is the same as the coupling (76) for D p−1 -brane. Performing similar extensions for all other couplings, one finds the couplings in (9), (10), (11) and (12) .
